We stress the role of nonequivalent representations of the canonical commutation relations in quantum mechanics. Such representations occur when the space accessible to the system is not simply connected. An example is the magnetic Aharonov-Bohm effect, which can be interpreted in terms of nonequivalent representations, without explicitly invoking the vector potential in the region accessible to the electrons.
I. INTRODUCTION
An aspect of quantum mechanics that is generally overlooked in the introductory teaching of the subject is the existence of several representations of the canonical commutation relations of the operators q i , p j . Quantum mechanics is usually presented in the Schrödinger representation, where it is postulated that q i ͑r͒ = x i ͑r͒ and p j ͑r͒ = ͑−iប‫ץ‬ / ‫ץ‬x j ͒͑r͒. Little attention is paid to the fact that, for example, in one dimension the canonical commutation relations are satisfied also by q = q , p = p + f͑x͒, with f a differentiable function. The implicit justification is that there exists a unitary operator U such that q = UqU −1 and p = UpU −1 , where U is defined by U͑x͒ = exp͓−͑i / ប͒͐ x 0 x f͑z͒ dz͔͑x͒. ͑In this case the representations of the canonical commutation relations are said to be equivalent.͒ Hence using either of the representations yields the same spectra for the observables and the same transition amplitudes between corresponding states. The physical content of the theory in either representation is the same. If the configuration space of the corresponding classical system is R 2 or R 3 , the operators q i = q i and p i = p i + f i ͑r͒ satisfy the canonical commutation relations provided that ‫ץ‬f j / ‫ץ‬x i − ‫ץ‬f i / ‫ץ‬x j = 0, which implies that f is the gradient of a function, that is, ϵ f͑r͒ · dr is an exact differential form. In this case the different representations are connected by a unitary operator U defined by U͑r͒ = exp͓−͑i / ប͒͐ r 0 r f͑x͒ · dx͔͑r͒. The fact that is an exact form ensures the path independence of the integral which appears in the definition of U. The choice of q i , p i can be envisaged in this case as the choice of a particular gauge for zero field: the condition on f͑r͒ corresponds to a vanishing magnetic field. Conversely, the well known trick of solving the Schrödinger equation with the Hamiltonian H = ͓p − f͑r͔͒ 2 /2m with ٌ ϫ f = 0 by introducing ͑r͒ = exp͓−͑i / ប͒͐ r 0 r f͑x͒ · dx͔͑r͒ = U͑r͒ can be viewed as the choice of a more convenient equivalent representation of the canonical commutation relations. In all these cases the existence of U, that is, the equivalence of different representations, is the consequence of a general theorem by von Neumann, 1 2 minus a disk C ͑denoted as R 2 \ C͒, the vanishing of ٌ ϫ f implies that only locally ͑that is, in any simply connected subset of the configuration space͒ is f the gradient of a function: is said to be closed, but is no longer an exact differential form, that is, no differentiable function g͑r͒ exists such that f i ͑r͒ = ‫ץ‬g͑r͒ / ‫ץ‬x i in all the configuration space. 3 As a consequence ͐ r 0 r f͑x͒ · dx is not single valued, and therefore U does not exist, 4 nor can we find any alternative unitary operator, as is proven by the existence of operators that have different eigenvalues in different representations ͑see the following͒. Thus, the existence of nonequivalent representations cannot be ignored, nor can it be regarded as a mathematical curiosity. Because using nonequivalent representations yields different predictions, we should wonder, in circumstances where nonequivalent representations are allowed, which representations predict the observed results, and which physical conditions dictate the choice.
A situation where this interplay between the representation of canonical commutation relations, and consequently of the observables, and the actual setting of the experiment is most apparent is the magnetic version of the Aharonov-Bohm effect. [5] [6] [7] We will see that the physical counterpart of the existence of nonequivalent representations of canonical commutation relations is the very existence of the AharonovBohm effect. One could infer the effect's existence solely from the existence of nonequivalent representations of canonical commutation relations. It is up to the physicist, however, to link a given representation to the system's physical conditions. 8 For the Aharonov-Bohm effect the choice of f͑r͒ depends on what happens in the region not accessible to the system, where a magnetic field exists. As we shall see, the effect is also interesting because it illuminates the role, so far overlooked, of the vector potential as a means to classify nonequivalent representations.
In Sec. II we discuss the existence of nonequivalent representations and an example of an observable whose spectrum is representation dependent. We apply these concepts to the Aharonov-Bohm effect in Sec. III. Although not strictly necessary to understand the main content of the paper, we have included an appendix on the details on quantization in R 2 \ C for the mathematically minded reader.
II. NONEQUIVALENT REPRESENTATIONS
We consider a two-dimensional system whose configuration space is R 2 \ C. The Hilbert space H of the system is L 2 ͑R 2 \ C͒, the space of square integrable functions defined in the configuration space. The canonical commutation relations are satisfied by the operators q i , p i , defined as multiplication by x i and as −iប‫ץ‬ / ‫ץ‬x i , respectively ͑representation R͒, as well as by the operators
is well defined, and the integral is path-independent independent of the ͑irrotational͒ f͑x͒ chosen. In L 2 ͑R 2 \ C͒ Eq. ͑2͒ defines an operator U only as long as for any closed path ␥
with n an integer. If Eq. ͑3͒ is not satisfied, the operators p i and q i are not unitarily connected to the operators p i and q i : the representations R and R are not equivalent. The nonequivalence of two representations is not only a mathematical subtlety: observables that have different spectra in R and R do exist, and the choice of a representation is physically relevant. To make explicit this aspect, we compare the angular momentum operator in the representations R and R , L 3 = q 1 p 2 − q 2 p 1 and L 3 = q 1 p 2 − q 2 p 1 when Eq. ͑3͒ does not hold. We note that two representations R 1 and R 2 defined as in Eq. ͑1͒ by means of ͑irrotational͒ vector functions f and g respectively are equivalent if and only if for any closed path ␥ that encircles the disk only once
The operator U = exp͓−͑i / ប͒͐ r 0 r ͑f − g͒ · dr͔, which connects the canonical variables in the R 1 representation with those in the R 2 representation, is well defined. Hence, we may choose for any given value of ⌽ any irrotational vector function whose integral on ␥ yields the value ⌽.
We choose for f͑r͒ the form
which gives
If ⌽ /2ប is not an integer, L 3 and L 3 have different spectra. 
III. THE AHARONOV-BOHM EFFECT
In the magnetic Aharonov-Bohm effect a coherent beam of electrons is made to interfere after passing around a solenoid in whose interior a magnetic field B may exist. The effect consists in a shift of the interference pattern if the field B is present.
In the usual treatment the Hamiltonian is derived starting from the Lagrangian L = mv 2 /2−ev · A͑r͒ / c. The result is the minimal coupling
where p =−iបٌ is the canonical momentum, which is to be distinguished from the kinetic momentum = mv = p − eA / c; A͑r͒ is the vector potential of the field B. A is irrotational outside the solenoid and for any path ␥ encircling the solenoid,
The amplitudes for an electron to reach a point r passing on either side of the solenoid differ by an additional phase
with respect to the no field case. We propose an alternative interpretation of the effect that does not invoke the vector potential A explicitly, but rather relies on the existence of nonequivalent representations of canonical commutation relations in the Hilbert space of the system.
In the experiment the electrons have access only to the region outside the solenoid, and thus the configuration space for the electrons is R 3 minus an infinite cylinder, which is not simply connected. If we ignore the x 3 coordinate, the Hilbert space is L 2 ͑R 2 \ C͒, with C the section of the cylinder. The electrons do not experience any force, even for nonvanishing magnetic field, because the field is confined to the inaccessible cylinder. Thus, the Hamiltonian of the electrons is just the free Hamiltonian
and we are allowed to choose for p in Eq. ͑10͒ any of the expressions described in Eq. ͑1͒. Because the configuration space is not simply connected, the representations of the canonical commutation relations given in Eq. ͑1͒ are not equivalent. This nonequivalence means that the Hamiltonians in different representations
are expected to predict different observable results. Indeed, different predictions are obtained for the interference pattern. A comparison of Eqs. ͑7͒ and ͑11͒ shows that choosing f 0 adds
to the phase difference of the amplitudes for an electron to reach any point r passing on either side of the cylinder; ␥ is a path that encircles the cylinder. The predicted interference pattern depends on the representation of canonical commutation relations if the integral in Eq. ͑12͒ is not a multiple of 2ប. From a physical point of view it is clear that the function f, which fixes the representation, plays the role of a vector potential in a field-free region. As discussed in Sec. ͑2͒, the Hamiltonians given in Eqs. ͑7͒ and ͑11͒ are unitarily equivalent provided that
and predict the same interference pattern. Thus, the very existence of nonequivalent representations of canonical commutation relations allows, from a mathematical point of view, the prediction of several different interference patterns, that is, the possibility of the Aharonov-Bohm effect. It is up to the physicist to establish the physical conditions corresponding to the different representations.
We can summarize our point of view in the following way. Although mathematics alone offers a spectrum of possibilities, the details of an experiment dictate which representation of the canonical commutation relations must be chosen. For the Aharonov-Bohm experiment the representation is determined by the value of the flux of the magnetic field.
IV. CONCLUSIONS
We have presented a different interpretation of the magnetic Aharonov-Bohm effect that stresses the role of nonequivalent representations. The use of the Hamiltonian with minimal coupling using the vector potential A can be seen as a choice of a representation of the canonical commutation relations. This interpretation does not solve the problem as to whether the vector potential has an intrinsic meaning in quantum mechanics, because it offers arguments to both schools of thought. If we ignore the minimal coupling prescription Eq. ͑7͒, we can still predict the correct interference pattern by choosing a suitable representation. However, we can also argue that the existence of nonequivalent representations is a typical quantum feature with no counterpart in classical physics for which the transformation given in Eq. ͑1͒ is canonical and the physics is unchanged. In quantum mechanics the transformation does change the physical predictions because it is not unitarily implementable. Thus the role of the vector potential in quantum mechanics, where it singles out nonequivalent representations, has no counterpart in classical physics.
APPENDIX: MATHEMATICAL DETAILS
To discuss the Aharonov-Bohm effect for the idealized case of an infinite solenoid it is convenient to use polar coordinates, which corresponds to representing the Hilbert space H as the tensor product of a radial and an angular space:
In place of the Weyl algebra in R 2 , which is the object of von Neumann's theorem, we have a radial component ͕U r ͑␣͒ , ␣ ജ 0,V r ͑␤͒ , ␤ R͖ and an angular component ͕U ͑␣͒ , ␣ R ; V ͑n͒ , n integer͖:
All the irreducible representations of the radial algebra can be proved to be equivalent. 10 The source of nonequivalence is the angular algebra. Representations of U ͑␣͒ with , Ј not congruent modulus 2 are nonequivalent. In a representation with a given the generator L of the continuous group ͕U ͑␣͖͒ is a self-adjoint operator defined as L g͑͒ =−iប‫ץ‬g / ‫ץ‬ on the domain D of the square integrable and absolutely continuous functions ͑functions that are the integral of a locally integrable function͒ in the interval ͓0,2͔:
The eigenvalues of L are k = ប͑k + /2͒, k integer. The generator of rotations around the x 3 axis L is the L 3 operator. The operator L 3 in the standard R representation corresponds to the choice of = 0. Choosing a representation with different amounts to choosing a representation equivalent to R , in which the generator of rotations is represented by L 3 ͓see Eq. ͑6͔͒ with = ⌽.
We also stress that the Hamiltonian given in Eq. ͑11͒, defined for example in C 0 ϱ ͑the space of infinitely differentiable functions of compact support͒, has self-adjoint extensions. Because we may choose the function given in Eq. ͑5͒ as f, the Hamiltonian can be written as 
